Abstract: In [Comput. Math. Appl. 59 (2010) 764-778], Baksalary and Trenkler characterized some complex idempotent matrices of the form (I − P Q) † P (I − Q), (I − QP ) † (I − Q) and P (P + Q − QP ) † in terms of the column spaces and null spaces of P and Q, where
Introduction
Before 2010, several results scattered in the literature express an idempotent having given onto and along spaces in terms of a pair of projections in various settings (see, e.g., [1, 4, 5, 8, 10] ). Their common assumption is the invertibility of certain functions of the involved projections. Recently, these results were unified and reestablished by Baksalary and Trenkler [2] in a generalized form in a complex Euclidean vector space, where MoorePenrose inverse was involved instead of the ordinary inverse. Among others, some complex idempotent matrices of the form (I −P Q) † P (I −Q), (I −QP ) † (I −Q) and P (P +Q−QP ) † are characterized in terms of the column spaces and null spaces of P and Q, where P, Q ∈
The purpose of this paper is to generalize the aforementioned results in [2] from C n,n to any * -reducing rings. This is achieved based on the characterizations of the Moore-Penrose
In this case, b is unique and denoted by a † . Moreover, we have (a † ) † = a. It is easy to see that a has MP inverse if and only if a * has MP inverse, and in this case (a * ) † = (a † ) * .
We write R −1 and R † as the set of all invertible elements and all MP invertible elements in R, respectively. If a ∈ R † , then a * a, aa * ∈ R † and the following equalities hold:
Recall from [6] that a ring R is said to be * -reducing if, for any element a ∈ R, a * a = 0 implies a = 0. Note that R is * -reducing if and only if the following implications hold for any a ∈ R: a * ax = a * ay ⇒ ax = ay and xaa * = yaa * ⇒ xa = ya.
It is well-known that any C * -algebra is a * -reducing ring.
Let X and Y be two nonempty subset of R. We write X⊥Y to indicate that y * x = 0 for all (x, y) ∈ X × Y . Suppose that X and Y are right ideals of a * -reducing ring R.
Then X⊥Y implies X ∩ Y = {0}. In particular, if X + Y = R and X⊥Y , then we write
for some r ∈ R. Left-multiplying (2.1) by pqp(pqp) † we obtain pqp(pqp) † = pqp(pqp) † r.
Similarly, right-multiplying (2.1) by p one can get p = pr. Whence
Remark 6. Let I be a right ideal of R. If I is generated by a projection, then there exists a unique projection p ∈ R such that I = pR (see, e.g., [3, Lemma 4.1(4)]). Therefore, in Lemma 5, the projection x such that xR = pR + qR (resp., y such that yR = pR ∩ qR) is unique.
Lemma 7.
If e 2 = e ∈ R † , then ee † R = eR and (1 − e † e)R = (1 − e)R.
Proof. It is easy to see that ee † R = eR since ee † e = e. On the other hand, 1 − e † e = (1 − e)(1 − e † e) and 1 − e = (1 − e † e)(1 − e) imply (1 − e † e)R = (1 − e)R.
The following theorem and its corollary generalize their counterpart in [2] .
Theorem 8. Let p and q be projections in a * -reducing ring
Proof.
(1) Since 1−pq ∈ R † , we have qp ∈ R † , pqp ∈ R † and (pqp) † = (1−pq) † p by Lemma 3(1)⇔(2)⇔(4). In view of Lemma 5(1), one can see that (qp) † = (pqp) † q = (1 − pq) † pq.
Moreover, it follows that (qp)
(2) First, pq ∈ R † follows by the hypothesis and Lemma 3(1)⇔(3). Now replacing p and q by p and q respectively in Lemma 5(2), one can see that
is a projection and
Replacing q by q ′ in Lemma 5(3), we can see that p − p(pq ′ ) † is projection and
(3) Note that 1 − pq ∈ R † is equivalent to pq ∈ R † (see Lemma 3 (1)⇔(6)). Replacing p and q by p and q respectively in Lemma 5(3), we obtain that
By Lemma 4 and Lemma 5(1),
Hence R = (1 − p)R + (1 − q)R. Now, by the proof of Corollary 10(2) one can see that pR ∩ qR = {0}. Conversely, when pR ∩ qR = {0} we have 1 − pq ∈ R −1 by Corollary 9(1).
Theorem 12. Let p and q be projections in a * -reducing ring R such that 1 − qp ∈ R † , then
(1) By Lemma 3(iii) and Lemma 2(1), it follows that
and hence
Whence, it is easy to check that p(p + q − qp) † an idempotent.
(2) By (2.4) and (2.6) we can see that pR ∩ (pR + qR) = y ′ R = pq(pqp) † R and
Replacing p and q by y ′ and p ′ respectively in Lemma 5(2), we have
Note that
By Lemma 1(1) and Lemma 2(2)(3), one can see that
We note that the hypothesis that R is * -reducing can not be removed from Theorem 8 and Theorem 12 (see [11, Example 6] ). But we don't know whether this hypothesis can be removed from Theorem 14.
We complete this section with the following result.
Theorem 15. Let p and q be two projections in R such that
Proof. Since p(1 − q) ∈ R † , it follows that pR ∩ qR is generated by the projection p − p(pq) † by Lemma 5(3). Similarly, pR ∩ qR is generated by the projection p − p(pq) † since (1 − p)q ∈ R † . Let p 1 = p − p(pq) † and q 1 = p − p(pq) † for short. Then we have Note that p 1 R⊥q 1 R since q 1 p 1 = 0. Hence p 1 R + q 1 R = p 1 R ⊕ ⊥ q 1 R, i.e., (pR ∩ qR) + (pR ∩ qR) = (pR ∩ qR) ⊕ ⊥ (pR ∩ qR).
Finally, we have
by Lemma 5(1).
